Let V = Spec(R) and R be a complete discrete valuation ring of mixed characteristic (0, p). For any flat R-scheme X we prove the compatibility of the de Rham fundamental class of the generic fiber and the rigid fundamental class of the special fiber. We use this result to construct a syntomic regulator map reg syn :
Introduction
Let V = Spec(R), with R a complete discrete valuation ring of mixed characteristic and perfect residue field. Given X an algebraic V -scheme one can consider the de Rham cohomology of its generic fiber X K and the rigid cohomology of its special fiber X k . These two cohomology groups are related (see [BCF04, §6] ) by a canonical cospecialization map cosp : H n rig,c (X k ) → H n dR,c (X K ) (not an isomorphism in general). There is also a notion of rigid and de Rham cycle class. The starting result of this paper is the compatibility of this cycle classes w.r.t. the cospecialization map (see 1.6 for the precise statement). In the case X is smooth (possibly non-proper) over V we get the following corollary (see Cor. 1.7): let sp CH : CH * (X K ) ⊗ Q → CH * (X k ) ⊗ Q be the specialization of Chow rings constructed by Grothendieck in [SGA6, Appendix] , then the following diagram is commutative
where η dR (resp. η rig ) is the de Rham (resp. rigid) cycle class map and sp is the Poincaré dual of cosp.
In the proof we use the main results of [BCF04] , [BLR95] and [Pet03] . This result can be viewed as a generalization of a theorem of Messing [GM87, Theorem B3.1] where he further assumes X to be proper (not only smooth) over V . In that case rigid cohomology coincides with the crystalline one and the map sp is an isomorphism ([Ber97b] ).
This compatibility result is the motivation for an alternative construction of the regulator map (see Prop. 1.13) reg syn : CH i (X /V , 2i − n) → H n syn (X , i) with values in the syntomic cohomology group defined by Besser in [Bes00] (for X smooth over V ). For this proof we use an argument of Bloch [Blo86] and the existence of a syntomic cycle class (see Prop. 1.9).
The aforementioned results motivated us to investigate further the properties of the syntomic cohomology. We are not able to formulate even the basic Bloch-Ogus axioms using Besser's framework. Thus we followed Bannai's interpretation of syntomic cohomology as an absolute one [Ban02] . To this aim we define a triangulated category of p-adic Hodge complexes, pHD (see Def. 2.5). An object M of pHD can be represented by a diagram of the form M rig → M K ← M dR where M ? is a complex of K-vector spaces endowed with a Frobenius automorphism when ? = rig and with a filtration when ? = dR. On pHD there is a naturally defined tensor product and we denote the unit object of pHD by K. The main difference w.r.t. [Ban02] being that the maps in the diagram are not necessarily quasi-isomorphisms. From [Bes00] we get (in Prop. 5.7) that there are functorial p-adic Hodge complexes RΓ(X ) RΓ rig (X ) → RΓ K (X ) ← RΓ dR (X ) inducing the specialization map in cohomology (i.e., taking the cohomology of each element of the diagram). Meanwhile we show how the constructions made by Besser may be obtained using the theory of generalized Godement resolution (also called the bar resolution). In particular we use the results of [vdPS95] in order to have enough points for rigid analytic spaces. Further we consider the twisted version RΓ(X )(i), which is given by the same complexes, but with the Frobenius (resp. the filtration) twisted by i (see Remark 2.9).
Then we prove (see Prop. 5.10) that the syntomic cohomology groups H n syn (X , i) of [Bes00] are isomorphic to the (absolute cohomology) groups H n abs (X , i) := Hom pHD (K, RΓ(X )(i) [n] ). This result generalizes that of [Ban02] (which was given for some particular V -schemes with good compactification) to any smooth algebraic V -scheme.
For this absolute cohomology we can prove some of the Bloch-Ogus axioms. In fact we construct a p-adic Hodge complex RΓ c (X )(i) related to rigid and de Rham cohomology with compact support. So we can define an absolute cohomology with compact support functorial with respect to proper maps H n abs,c (X , i) := Hom pHD (K, RΓ c (X )(i) [n] ) and an absolute homology theory H abs n (X , i) := Hom pHD (RΓ c (X )(i)[n], K). We want to point out that the above constructions are essentially consequences of the work done by Besser and Bannai, but it seems hard to prove the following results without the formalism of Godement resolutions we develop in § 3: let X be a smooth scheme over V , then Notation In this paper R is a complete discrete valuation ring with fraction field K and residue field k, with k perfect. We assume char(K) = 0 and char(k) = p > 0. We denote by R 0 the ring of Witt vectors of k and K 0 is its field of fractions. The Frobenius of K 0 is denoted by σ. The category of bounded complexes of K-vector spaces is denoted by
∨ is the dual vector space. We use X, Y, ... for schemes over k or K; X, Y, ... for K-analytic spaces; P, Q for formal Kschemes and P K , Q K for the associated Raynaud fibers; X , Y for (algebraic) V -schemes, where V = Spec(R). Finally, the p-adic completion of a V -scheme X will be denoted by X .
Cycle classes
-1.1 (Higher Chow groups). Following Bloch [Blo86] we recall the definition of the higher Chow groups CH * (X/K, * ) of a K-scheme X.
, which in coordinates are given by ∂ i (n)(t 0 , ..., t n ) = (t 0 , .., t i−1 , 0, t i+1 , .., t n ). Let X be a smooth K-scheme of relative dimension d (this hypothesis is not necessary, but we deal only with smooth schemes). Let z q (X/K, 0) be the free abelian group generated by the irreducible and closed sub-schemes of X of codimension q. We denote by z q (X/K, n) the free abelian group generated by the closed sub-schemes
and meets all faces properly: i.e., if F ⊂ ∆ n X is a face of codimension c, then the codimension of the irreducible components of the intersection F ∩ W is greater than or equal to c
these groups are in fact isomorphic to the Voevodsky-Suslin motivic cohomology H i mot (X/K, q) of the generic fiber X ([MVW06, Theorem 19.1]). Remark 1.2 (Relative cycles). Let X be an algebraic and flat V -scheme. By the theory of relative cycles [SV00] one can define the group z q (X /V , 0) to be the free abelian group generated by universally integral relative cycles of codimension q (we can use the codimension because X is assumed to be equidimensional over V ). By [Ivo05, Part I, Lemma 1.2.6] z q (X /V , 0) is the free abelian group generated by the closed sub-schemes W ⊂ X which are integral, of codimension q and flat over V . Then we can define the groups z q (X /V , n) as follows: let z q (X /V , n) be the free abelian group generated by the integral and flat V -schemes W ∈ z q (∆ n X , 0) meeting all faces properly and such that ∂ i (n − 1) * W is flat over V for all i. Thus we can form a complex z q (X /V , * ) using the same boundary maps of z q (X/K, * ).
Definition 1.3.
With the above notation we define the higher Chow groups of X over V to be
where
Remark 1.4. (i) Recall that by Lemma 5.1 any closed and flat sub-scheme of X is completely determined by its generic fiber. Then z q (X /V , * ) is a sub-complex of z q (X K /K, * ) inducing a canonical map in (co)-homology
(ii) It follows easily by the Snake lemma that, for i = 2q, the map γ :
In the general case with don't know wether this map is injective or surjective. -1.5 (De Rham and rigid fundamental/cycle classes). In the following we refer to [Har75, BCF04, Pet03] for the definitions and the properties of the (algebraic) de Rham and the rigid cohomology theory. Let W be an integral scheme of dimension r over K (resp. over k). Then we can associate to W its de Rham (resp. rigid) fundamental class which is an element of the dual of the top de Rham (resp. rigid) cohomology with compact support
For the de Rham cohomology this class is first defined in [Har75, §7] as an element of the de Rham homology; by Poincaré duality [BCF04, Theorem 3.4] it corresponds to the trace map. The rigid case is treated in [Pet03, SS2.1, 6]. Now let X be a K-scheme (resp. k-scheme) of dimension d and w = i n i W i ∈ z q (X/K, 0) (resp. ∈ z q (X/k, 0)) be a dimension r cycle on X. The cohomology with compact support is functorial with respect to proper maps, hence there is a canonical map
where |w| = ∪ i W i is the support of w and ? = dR, rig accordingly to the choice of the base field. With the above notations we define the de Rham (resp. rigid) cycle class of w as
Again by functoriality this defines an element of H 2r ?,c (X) ∨ .
Let X be a flat V -scheme and let w ∈ z q (X /V , 0) be a relative cycle. We can write w = i n i W i , where W i is an integral flat V -scheme closed in X and of codimension q. Then w defines a cycle 
We can consider the de Rham and the rigid cycle classes of w, i.e.,
Note that the the rigid homology groups H rig 2r (|w k |) are defined as the dual of H 2r rig,c (|w k |) (cf. [Pet03, §2] ). We are going to prove that these cycle classes are compatible under (co)-specialization and that they induce a well defined syntomic cohomology class. 
Proof. First of all consider the basic case: w = W is an integral closed sub-scheme of X , smooth over V . By [BCF04, Proof of theorem 6.9] we have a commutative diagram
t t t t t t t t t K
where [w k ] rig (resp. [w K ] dR ) is the rigid (resp. de Rham) trace map and it is an isomorphism of K-vector spaces.
Given a general relative cycle w we can reduce to the basic case by arguing as follows. First by linearity and the functoriality of the specialization map we can restrict to the case w = W with W integral. Then the generic fiber W K is integral and by [EGA4.4, Prop. 17.15.12] there exists a closed K-sub-scheme T such that W K \ T is smooth over K. Let T be the flat extension of T (see Lemma 5.1), then T is of codimension ≥ 1 in W and the complement W \ T is a flat V -scheme of relative dimension r. Consider the long exact sequence
Note that here the first and last terms vanish for dimensional reasons. The same happens (mutatis mutandis) for the rigid cohomology of the special fiber.
Hence from now on we can assume that W is integral and that its generic fiber W K is smooth. In this setting we apply the Reduced Fibre Theorem for schemes [BLR95, Theorem 2.1']: i.e., there exist a finite field extension K ′ /K and a finite morphism f :
′ is flat and has reduced geometric fibers.
Recall that the co-specialization map commutes with finite field extension and the same holds for the rigid and the de Rham trace map. By [Pet03, Proof of Prop. 6.4] the rigid fundamental/cycle class is preserved by finite morphisms, i.e.,
From the above discussion there is no loss of generality in assuming that W has reduced geometric fibers and smooth generic fiber W K . Now let S be the singular locus of the special fiber 
Before stating the next corollary we need to introduce some further notation. Let X be a smooth scheme over K (resp. over k), then the de Rham (resp. rigid) cycle class map factors throw the Chow groups inducing a map
where, by abuse of notation, η dR (W) (resp. η rig (W)) is viewed as an element of 
Explicitly the map is given as follows. Let W ⊂ X K be an integral scheme of codimension q and denote by W its Zariski closure in X . Then the specialization of sp CH [W] is the class representing the sub-scheme W k .
Corollary 1.7. With the above notation the following diagram commutes
(we tensored each term by Q to guarantee the existence of sp CH ).
Proof. Straightforward.
Let now X be a smooth V -scheme. Besser defined the (rigid) syntomic cohomology groups H n syn (X , i) (cf. [Bes00, Def 6.1]). We will be rather sketchy on the definitions because we will give another construction later. For such a cohomology there is a long exact sequence
Roughly these groups are defined as H n syn (X , i) := H n (RΓ Bes (X , i)), where
is a complex of abelian groups functorial in X and such that
The functoriality of RΓ Bes (−, i) allows us to give the following definition.
Definition 1.8. Let X be a smooth V -scheme. Let Z ⊂ X be a closed sub-scheme of X . We define the syntomic complex with support in Z using the complexes defined by Besser in the following way
This is a complex of abelian groups functorial with respect to cartesian squares. This fact will be used in the proof of Prop. 1.13. The cohomology of this complex is the syntomic cohomology with support in Z , denoted by
so that we get a long exact sequence
Proposition 1.9 (Syntomic cycle class). Let X be a smooth
V -scheme let w ∈ z q (X /V , 0) be a relative cycle of codimension q. Let ψ : H 2q syn,|w| (X , q) → H 2q rig,|w k | (X k /K 0 ) × F q H 2q dR,|w K | (X K /K) be the
canonical map. Then ψ is injective and there exists a unique element
Proof. By the definition of syntomic cohomology with support there is a long exact sequence similar to (2) 
Proof. It is not restrictive to assume that w = W is an integral sub-scheme of X flat over V . We first show that is sufficient to prove that f
In fact the syntomic cycle class can be viewed as an element (η rig (w k ), η dR (w K )) in the direct sum of rigid and de Rham cohomology. Then note that sp(η dR (w K )) = η rig (w k )⊗1 K and that the specialization map is functorial.
To prove that f
we first reduce by excision to the case where W K is smooth over K (just remove from W K , X K and X ′ K the singular points of W K ). In the same way we can further assume f −1 W K to be smooth over K. Now we can follow the same proof of [Pet03, Prop. 7.1] to conclude.
Lemma 1.11 (Homotopy). The (rigid) syntomic cohomology is homotopy invariant, i.e.
Proof. Just consider the long exact sequences of syntomic cohomology and note that the de Rham cohomology (of smooth schemes) is homotopy invariant by [Har75, Prop. 7.9.1]. The same holds for rigid cohomology, for instance using the Künneth formula [Ber97a] . 
Proof. The construction is analogous to that provided in [Blo86] . Consider the cohomological double complex RΓ Bes (∆ −n X , q) m , non-zero for m ≥ 0, n ≤ 0; the differential in n is induced by ∂ n i in the usual way. Similarly define the double complex
For technical reasons we truncate these complex (non-trivially)
for N even and N >> 0. Consider the spectral sequence
where s denotes the associated simple complex of a double complex. By homotopy invariance (Lemma 1. 
Composing all these maps we obtain the expected map
Corollary 1.14. With the above notation there is a commutative diagram
; γ is the map described in the remark 1.4.
Proof. Just note that in this case reg syn is the map induced by the syntomic cycle class in the usual way.
p-adic Hodge complexes
Having defined a regulator map with values into the syntomic cohomology is tempting to check (some of) the Bloch-Ogus axioms for this theory. We address this problem by viewing the syntomic cohomology as an absolute cohomology theory.
Thus in this section we define a triangulated category of p-adic Hodge complexes similar to that of [Ban02] . See also [Beȋ86] , [Hub95] and [Lev98, Ch. V §2.3].
The syntomic cohomology will be computed by Hom groups in this category. 
(ii) (Hodge filtration) F is a (separated and exhaustive) filtration on M • .
Remark 2.3 (Strictness). We review some technical facts about filtered categories. For a full discussion see [Hub95, § 2 and 3]. The category Filt K (and also C b dR (K)) is additive but not abelian. It is an exact category by taking for short exact sequences that which are exact as sequences of K-vector spaces and such that the morphisms are strict w.r.t. the filtrations: recall that a morphism f : 
It is important to note that for a strict complex (M • 
A morphism in pHC is given by a system
, for ? = rig, dR, K respectively, and such that they are compatible with respect to to the diagram in (iii) above.
A homotopy in pHC is a system of homotopies h i compatible with the comparison maps c, s. We define the category pHK to be the category pHC modulo morphisms homotopic to zero. We say that a morphism , i.e., the comparison maps are all quasi-isomorphisms. For our purposes we cannot impose this strong assumption. This is motivated by the fact that the (co)-specialization is not an isomorphism for a general smooth V -scheme.
c c r r r r r r r
t t t t t t t
where 
Remark 2.9. (i) Let K(−n) be the Tate twist p-adic Hodge complex:
is equal to K concentrated in degree zero; the Frobenius is φ(λ) := p n σ(λ); the filtration is F i = K for i ≤ n and zero otherwise.
(ii) Given two p-adic Hodge complexes M • and M ′• we define their tensor product
If c is a quasi-isomorphism, letting sp denote the composition of
we obtain a long exact sequence
If s is a quasi-isomorphism, letting cosp denote the composition of
Proposition 2.10 (Ext-formula). With the above notation there is a canonical morphism of abelian groups
Hom
In particular if M
• = M, M ′• = M ′ are concentrated in degree 0, H n (Γ(M, M ′ )) = 0 for n ≥ 2 and n < 0.
Proof. By the octahedron axiom we have the following triangle in
Its cohomological long exact sequence is
). Let I be the family of quasi-
. Thus the result is proved if we show that: 
Lemma 2.11 (Tensor Product
• be p-adic Hodge complexes. For any α ∈ K there is a morphism of complexes
such that they are all equivalent up to homotopy.
Proof. See [Beȋ86, 1.11].
Remark 2.12 (Enlarging the diagram). We recall some results from [Lev98, Ch. V, 2.3.3]. Let
3 ) be the quasi push-out). Assume that f is quasi-isomorphism then we have the following diagrams commutative up to homotopy
• such that h and k are quasi-isomorphisms. Now let pHC ′ be a category of systems (M
) similarly to Def. 2.5 and such that there is a diagram
Then the quasi push-out induces a functor from the category pHC ′ to the category pHC. This functor is compatible with tensor product after passing to the categories pHK ′ and pHK.
Godement resolution
Here we recall some facts about the generalized Godement resolution, also called bar-resolution (we refer to [Ivo05] , see also [Wei94, §8.6]). Let u : P → X be a morphism of Grothendieck topologies so that P ∼ (resp. X ∼ ) is the category of abelian sheaves on P (resp. X). Then we have a pair of adjoint functors (u * , u * ), where u * : X ∼ → P ∼ , u * : P ∼ → X ∼ . For any object F of X ∼ we can define a co-simplicial object B * (F ) : ∆ → X ∼ in the following way. First let η : id X ∼ → u * u * and ǫ : u * u * → id P ∼ be the natural transformations induced by adjunction.
Endow B n+1 (F ) := (u * u * ) n (F ) with co-degeneracy maps Then for any sheaf F ∈ X ∼ (or complex of sheaves) we can define a functorial map b F : F → sB * (F ) with sB n (F ) := (u * u * ) n+1 F . We will denote this complex of sheaves by Gd P (F ). In the case u * is exact and conservative Gd P (F ) is a canonical resolution of F . If F • is a complex of sheaves on X we denote by Gd P (F • ) the simple complex s(Gd P (F i ) j ). Often we will need to iterate this process and we will write Gd 2 P (F ) := Gd P (Gd P (F )). Now suppose there is a commutative diagram of sites
and a morphism of sheaves a : G → f * F where F (resp. G) is a sheaf on X (resp. Y).
Lemma 3.2. There is a canonical map Gd
Proof. We need only show that there is a canonical map v * v
Then we apply v * and use v * g * = f * u * to obtain the desired map.
Remark 3.3 (Tensor product). The Godement resolution is compatible with tensor product, i.e., for any pair of sheaves F , G on X there is a canonical quasi isomorphism Gd Example 3.5. Let X be a scheme. Then any point x of the topological space underling X gives a point π x of the Zariski site of X. We call them Zariski points.
Let now x be a geometric point of X, then it induces a point π x for the étale site of X. We call them étale points of X. Let F be a Zariski (resp. étale) sheaf X and P be the set of Zariski (resp. étale) points of X. Then the functor F → ⊔ π∈P F π := π * F is exact and conservative. In other words the Zariski (resp. étale) site of X has enough points. Definition 3.6 (Points on rigid analytic spaces [vdPS95] ). Let X be a rigid analytic space over K. We recall that a filter f on X is a collection (U α ) α of admissible open subsets of X satisfying:
A prime filter on X is a filter p satisfying moreover (iv) if U ∈ p and U = ∪ i∈I U ′ i is an admissible covering of U, then U ′ i 0 ∈ p for some i 0 ∈ I.
Let P(X) be the set of all prime filters of X. The filters on X are ordered with respect to inclusion. We can give to P(X) a Grothendieck topology and define a morphism of sites σ : P(X) → X. Also we denote by Pt(X) the set of prime filters with the discrete topology. Let i : Pt(X) → P(X) be the canonical inclusion and ξ = σ • i.
Remark 3.7. Let p = (U α ) α be a prime filter on X as above. Then p is a point of the site X (see Def. 3.4). Using the construction of the continuos map σ of [vdPS95] we get that the morphism of topoi π : S et → S h(X), associated to p, is defined in the following way: for any sheaf (of sets) F on X let π * (F ) = colim α F (U α ); for any set S and V admissible open in X, let
where 0 denotes the final object in the category S et. In fact with the above notations we get easily the adjunction
Lemma 3.8. With the above notation the functor ξ −1 : S h(X) → S h(Pt(X)) is exact and conservative. In other words for any p ∈ Pt(X) the functors S h(X) ∋ F → F p are exact and F = 0 if all
Proof. See [vdPS95, §4] after the proof of the Theorem 1.
Rigid and de Rham complexes
We begin this section by recalling the construction of the rigid complexes of [Bes00, §4] . Instead of the techniques of [SGA4.2, Vbis] we use the machinery of generalized Godement resolution as developed in Section 3. This alternative approach was also mentioned by Besser in the introduction of his paper. We then recall the construction of the de Rham complexes.
We call a rigid triple a system (X,X, P) where: X is an algebraic k-scheme; j : X →X is an open embedding into a proper k-scheme;X → P is a closed embedding into a p-adic formal V -scheme P which is smooth in a neighborhood of X. The collection of rigid triples forms a category with the following morphisms: Hom((X,X, P), (Y,Ȳ, Q)) = the set of pairs ( f, F) where f : X → Y is a k-morphism and F ∈ colim U Hom f (U, Q). We denote it by RT.
Proposition 4.2. (i) There is a functor from the category of algebraic k-schemes
. Moreover there exists a canonical σ-linear endomorphism of RΓ rig (X/K 0 ) inducing the Frobenius on cohomology.
(ii) There are two functors RT → C(K) RΓ rig (X)X ,P , RΓ rig (X/K)X ,P and functorial quasi-isomorphisms with respect to maps of rigid triples
Proof. See [Bes00, 4.9, 4.21, 4.22].
Remark 4.3. The building block of the construction is the functor RΓ rig (X/K)X ,P . That complex is constructed with a system of compatible resolution of the over-convergent de Rham complexes j † X Ω
• U where U runs over all strict neighborhood of the tube of X. Using Godement resolution we can explicitly define
where Gd an = Gd Pt(U) . This will be an essential ingredient for achieving the main results of the paper.
All the proofs of [Bes00, §4] work using this Godement complex. We recall that
where SET 0 X and SET 0 (X,X,P)
are filtered category of indexes. With some modifications we can provide a compact support version of the above functors. We just need to be careful in the choice of morphisms of rigid triples.
Definition 4.4. Let (X,X, P), (Y,Ȳ, Q) be two rigid triples and let f : X → Y be a morphism of k-schemes. Let F : U → Q K be compatible with f (as in Def. 4.1). We say that F is strict if there is a commutative diagram
It is easy to show that strict morphisms are composable. We denote by RT c the category of rigid triples with proper morphisms which is the (not full) sub-category of RT with the same objects and morphisms pairs ( f, F), where f is proper and F is a germ of a strict compatible morphism. 
(ii) Let (Y,Ȳ, Q) be another rigid triple, f : X → Y be a proper k-morphism and let F : U → Q K be a morphism of K-analytic space compatible with f and strict. Then there is a canonical map
Proof. i) It is sufficient to note that Gd an (Ω • U ) is a complex of flasque sheaves and that a flasque sheaf is acyclic for Γ ]X[ P . Let F be a flasque sheaf on the rigid analytic space U. By definition
But by hypothesis the map a is surjective so that Cone(a :
But the strictness of F implies that there is a canonical map
. Hence we have a map
We can conclude the proof by taking the adjoint of this map and again applying Lemma 3.2. (ii) There are two functors RT c → C(K) RΓ rig,c (X)X ,P , RΓ rig,c (X/K)X ,P and functorial quasi-isomorphisms with respect to maps of rigid triples
Proposition 4.6. (i) There is a functor from the category of algebraic k-schemes with proper morphisms Sch
Proof. In view of Lemma 4.5 it sufficient to mimic the construction given in [Bes00, 4.9, 4.21, 4.22] but using only proper morphisms of k-schemes and strict compatible maps. In this case the functors used in the construction are 
(ii) The spectral sequence E p,q
(iii) The filtration induced by the above spectral sequence on H i dR (X) (resp. H i dR,c (X)) is independent by the choice of Y. Namely
where σ ≥ j is the stupid filtration.
Proof. Using the argument of [Del71, 3.2.11] we get the the independence of the choice of Y. The same holds for H i dR,c (X) . Since our base field K is of characteristic 0 we can find an embedding τ : K → C. Then by GAGA we get an isomorphism of filtered vector spaces Remark 4.8. The degeneracy of the spectral sequence in (ii) of the above proposition can be proved algebraically ( [DI87] ). We don't know an algebraic proof of the isomorphism in (i).
In the sequel a morphism of pairs (X, Y) as above is a commutative square
We say that the morphism is strict if the square is cartesian. 
and the stupid filtration on Ω 
Syntomic cohomology
In this section we construct the p-adic Hodge complexes needed to define the rigid syntomic cohomology groups (also with compact support) for a smooth algebraic V -scheme. The functoriality will be a direct consequence of the construction. 
Proof. First by Nagata (see [Con07] ) there exists an open embedding X K → Y, where Y is a proper K-scheme. By the Hironaka resolution theorem we can assume that Y is a smooth compactification of X K with complement a normal crossings divisor. Now we can define Y ′ to be the glueing of X and Y along the common open sub-scheme X K . These schemes are all of finite type over V . It follows from the construction that Y ′ is a scheme, separated and of finite type over V , whose generic fiber is Y. The Nagata compactification theorem works also in a relative setting, namely for a separated and finite type morphism: hence we can find a V -scheme Y which is a compactification of Y ′ over V . Then we get that an open and dense embedding h :
Hence h is the identity and the statement is proven.
Remark 5.3. We can also give another proof of the previous proposition assuming an embedding in a smooth V -scheme. First by Nagata (see [Con07] ) there exists an open embedding X → X . Now assume that X is embeddable in a smooth V -scheme W then by [Wło05, Th. 1.0.2] we can get a resolution of the K-scheme X K by making a sequence of blow-up with respect to a family of closed subset in good position with respect to the regular locus of X K , in particular Z i ∩ X K = ∅. One can perform the same construction directly over V , replacing the closed From now on we keep the notation of Prop. 5.2 with g : X → Y being fixed. To simplify the notations we denote by X (resp. Y) the rigid analytic space associated to the generic fiber of X (resp. Y ), usually denoted by X 
All the maps are quasi-isomorphisms. We denote by a (resp. b) the composition of the maps in the first (resp. second) diagram
Proof. By construction (see Remark 4.3 and Prop. 4.6)
is a direct limit of complexes indexed over the strict neighborhoods of ]X k [Ŷ and X is one of them. Hence the map on the right (of both diagrams) comes from the universal property of the direct limit. For the map on the left consider first the canonical inclusion of algebraic differential forms with log poles into the analytic ones w * Ω 
Proof. The map a ′ (resp. b ′ ) is induced by the canonical map Ω → j † Ω (resp. Γ ]X k [ Ω → Ω), where Ω is an abelian sheaf on Y. In particular we consider Ω = Gd an w * Ω
To conclude the proof apply the functor Gd an again and take global sections.
-5.6 (Construction). Now we put together all we have done getting a diagram, say RΓ ′ (X ), of complexes of K-vector spaces
a a a a : :
e e t t t t t t 
It represents an object of pHC which we denote by RΓ(X ).
Similarly we can construct a p-adic Hodge complex RΓ c (X ) associated to the diagram RΓ Proof. By definition (see equations (4)and (6)) it is sufficient to prove that the complex Γ(K, RΓ(X )) is quasi-isomorphic to the diagram Γ(RΓ c (X ) • , is quasi-isomorphic to Γ(K, RΓ(X )). Recall that the filtered complex RΓ dR,c (X ) is strict, so that the truncation τ ≥2d RΓ dR,c (X ) is the usual truncation of complexes of K-vector spaces (see lemma 2.6 (iii) and remark 2.3). Then the cup product induces a morphism of complexes M
• → Γ(RΓ c (X ), τ ≥2d RΓ c (X )) which is a quasiisomorphism by the Poincaré duality theorems for rigid and de Rham cohomology (see [Ber97a] , [Hub95] ). Explicitly this map is induced by the following commutative diagram It follows directly from Prop. 2.10 that the group Hom pHD (H n (RΓ c (X )(i)), K) is Proof. This is a direct consequence of the previous proposition and the functoriality of RΓ c (X ) with respect to proper morphisms. 
